Abstract -A theoretical investigation of the behavior of atomic friction at low temperatures is performed using a master equation method with a two-mass, two-spring Prandtl-Tomlinson model of an atomic force microscope experiment. A novel approach is taken in which two distinct instability mechanisms are introduced into the model: thermal activation is described by transition state theory with a prefactor associated with the frequency of the tip apex, and athermal instability is introduced by an Arrhenius-like equation with a prefactor associated with the characteristic frequency of the cantilever. Thermal instability causes the often reported decrease of friction with temperature followed by a stable low-friction region at high temperatures. However, the introduction of the athermal term that describes other instability mechanisms extends the predictive capability of the model such that it captures the friction plateau observed at very low temperatures.
Introduction. -Single-asperity friction, usually at the scale of nanometers, is considered the basic element of friction on all length scales and has been intensively investigated in recent years [1, 2] . Atomic force microscopy (AFM) is the primary experimental tool used to study this phenomenon [3] . In a typical AFM friction measurement, the AFM cantilever drags a nanoscale sharp tip (representing a single asperity) to slide against a substrate. The resulting interaction is recorded by measuring the deformation of the cantilever. This measurement reflects the movement of the AFM tip over the substrate and the associated friction force. Although the cantilever support moves at a constant speed, the tip typically moves over the substrate in an unsteady pattern that exhibits rapid periods of motion (slip) separated by relatively longer quasistatic periods (stick). When these patterns are regular, the friction force exhibits a saw-tooth pattern that is referred to as stick-slip friction. Regardless of the regularity of the movement, the transition from stick to slip is critical to the overall frictional behavior of the system. This transition occurs when the energetic components of the system enabling motion (elastic energy in the cantilever and other (a) E-mail: dong5@purdue.edu (b) E-mail: amartini@ucmerced.edu instabilities) are greater than the energetic components of the system resisting motion (interaction force between tip and substrate). Characterizing these energetic contributions and their role in atomic friction is a critical step towards understanding sliding phenomena.
One of the key sources of instability believed to dominate slip motion at the atomic scale is thermal energy. This process, called thermal activation, occurs when temperature provides the system with enough additional energy to slip before the stored elastic energy overcomes the energy barrier resisting motion. Thermal activation was introduced to the atomic friction community from the theoretical perspective by Gnecco et al. [4] and Sang et al. [5] . Their widely used model predicts that a direct result of thermal activation is a monotonic decrease of friction with increasing temperature. This behavior has since been verified directly or indirectly through moleculardynamics simulation and AFM experiments [6] [7] [8] [9] [10] . Recent advancements in AFM technology have allowed measurements to be taken over a wider range of temperatures, including very low (cryogenic) temperature regimes. Such measurements provide new opportunities to understand the mechanisms underlying atomic friction. The emerging experimental methods have revealed a variety of new trends. For example, distinct friction behaviors were 16002-p1 (b) Schematic illustration of instability sources in an AFM system. The AFM instrument noise comes into play through the cantilever and is associated with the cantilever vibration mode, while thermal activation is localized at the tip apex region and thus associated with the tip apex mode.
observed across the superconduction phase transition of Nb films which were attributed to the suppression of electronic friction [11] . Friction measurements over wide temperature ranges on silicon, SiC wafers, ionic crystals, and graphite exhibited a friction peak around 50-200 K that was argued to be due to competition between formation of multiple bonds and thermal activation [12] [13] [14] . In a recent work, AFM measurements of an Si 3 N 4 probe tip sliding against the basal plane of an a MoS 2 substrate revealed a friction plateau under cryogenic conditions [15] . Clearly thermal activation alone cannot interpret all of these very different experiment results and there is a need for theoretical support to help explain the new discoveries. Although thermal activation may be the dominant player at most temperatures, it is not the only mechanism. Despite efforts to suppress noise levels in AFM measurements, due to the extreme sensitivity of the nanoscale contact between the tip and substrate, any instability source could play a significant role in atomic friction [16, 17] . Instability sources such as mechanical vibration, acoustic noise and electromagnetic interference are inherent in the AFM instrumentation but have long been neglected in theoretical studies. In this work, we introduce instrument noise into a theoretical model and investigate its potential impact on AFM measurements of atomic friction, especially under low temperatures where thermal noise is at a minimum.
Modeling AFM measurement of atomic friction.
-The master equation is a general concept in statistical mechanics and has been widely used to describe systems where a set of states exists and the occupation of these states is governed by the dynamics of transitions between them [18] . Atomic friction, which is characterized by stick and slip, falls into this rate process category, and this approach has recently been applied to study the role of thermal activation [19, 20] . The master equation approach benefits from the fact that it requires fewer assumptions than other commonly used methods and so it is expected to give more accurate results.
The physical scenario of atomic friction is well described by the Prandtl-Tomlinson (PT) model [21, 22] . In a typical PT model, a single asperity is modeled as a ball-like tip dragged to slide against a rigid substrate by a support displaced at constant velocity through a harmonic spring. A good assumption is that there is a single available potential energy well downward (in the direction of the support displacement); in other words, only single stickslip occurs. This assumption holds true most of the time experimentally [2] . As shown in fig. 1 (a), the tip resides at the local minima a and there is an energy barrier ΔV that hinders slipping to the next potential well c. Due to instability which may stem from thermal activation or arise from the AFM instrument noise [23] , the tip is capable of sliding to the next energy well, i.e. slip from a to c, before the energy barrier disappears. The relationship between the thermal and athermal instabilities and an AFM contact is illustrated in fig. 1 
(b).
The probability of the tip occupying the available states can be described by the master equation,
where κ a→c is the instantaneous transition rate from state a to state c. Once the time-dependent probability of occupying each state (P a and P c ) is determined, physical qualities can be obtained as weighted average over the different states. For example, the instantaneous friction F (t) can be formulated as
where S is the displacement of the support,
is the friction force at state a, and similarly F c is the friction force at state c. Using this we can obtain the average friction corresponding to different velocities and temperatures. A numerical solution for the master equation requires information about the transition rates between available states. The transition rate stemming from thermal activation can be well described by the Arrhenrius equation,
where f h is the prefactor (or attempt frequency), ΔV is the energy barrier as shown in fig. 1(a) , k B is the Boltzmann constant and T is temperature. Based on harmonic transition state theory (HTST) [24] the prefactor for a transition from local minimum a over saddle b can be calculated through
where λ
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are the real vibrational eigenfrequencies at the minimum a and saddle point b, respectively. Note that the transition rate calculated based on HTST neglects the effect of damping. Although damping can be introduced into the analysis using Kramer's theory [24] , its role in atomic friction (under-damped or over-damped) is still controversial [25, 26] . Therefore, we use HTST which gives the upper limit of a realistic prefactor.
Instability sources other than those associated with thermal activation are transmitted to the tip/substrate interaction through the cantilever and can be characterized by a white noise. This white noise source will lead to a transition rate that follows an Arrhenius-like law [24] ,
where f a is the athermal attempt frequency, and β a is the parameter characterizing the strength of the white noise. β a can be thought of as being analogous to k B T in thermal activation, but in the case of instrument noise, it is independent of temperature. We can further assume that thermal activation and athermal instability are uncorrelated and thus independent of each other. So the transition rates originating from the two instabilities sources can be summed to give the transition rate of the whole system, κ = κ h + κ a .
Localized thermal activation. -Before applying this method to analyze the effects of thermal and instrument noise, we have to determine the order of magnitude of the two prefactors, f h and f a . The instrument noise is generated in AFM through the process of controlling the micro cantilever's displacement vertically or laterally, and then transmitted to the nano contact between tip and substrate through the cantilever. Therefore, the attempt frequency for the instrument noise can be assumed to be on the order of the characteristic frequency of the cantilever (torsional or vertical). A typical value for this frequency in a commercial AFM is f a = 50 kHz [2, 27] .
The attempt frequency for thermal activation is less straightforward to define. It has been argued that the flexibility of the tip apex (as opposed to the cantilever and body of the tip) plays a dominant role in thermal activation and, as a result, the effective mass is only a cluster of atoms which corresponds to an attempt frequency on the order of GHz [28] [29] [30] . We can theoretically evaluate this assumption and characterize the prefactor using transition state theory with a two-spring, two-mass PT model [28, [30] [31] [32] [33] . Figure 2 illustrates a representative setup for the twospring, two-mass model in which the support (the rightmost part) moves at a constant velocity to drag the cantilever with a mass m l and the tip apex with a mass m t to slide against the substrate. Two springs k t and k l are used to simulate the interaction between the tip and cantilever, and between the cantilever and the support, respectively. The interaction between the tip and the substrate is modeled by a corrugation potential with a sinusoidal form which assumes that the substrate is rigid and no wear occurs during sliding.
The total energy of the system V (x t , x l , t) is formulated as
where U is the amplitude of the sinusoidal corrugation potential, x t is the displacement of the tip apex, x l is the displacement of the cantilever, t is the time, and v is the sliding speed of the support. We use a lattice spacing a = 2.88Å, and corrugation potential amplitude U = 1.5 eV. These parameters are consistent with those commonly reported for the PT model and are believed to have general implications [34] . The cantilever mass m l varies with cantilever size and shape [27] , and a typical value of 1 × 10 −12 kg [5] is used here. The tip apex is comprised of tens to thousands of layers of atoms, which suggests that its effective mass is on the order of m t = 10 −20 kg [28] [29] [30] . An estimation of the tip apex stiffness k t can be obtained indirectly. The effective stiffness k ef f is the 16002-p3 combination of the three stiffness components,
where k cont is the stiffness of the contact area. The magnitude of k ef f can be obtained from the gradient of a friction vs. the displacement curve. The effective stiffness in the context of atomic friction has been reported to be in the order of 1 N/m from experiments on different materials [6, 35] . The cantilever stiffness k l can be measured directly and is usually not less than 5 N/m [36, 37] ; here we take a value of k l = 10 N/m. Finally, the contact stiffness k cont can be roughly calculated by 2π 2 U a 2 which is also much larger than 1 N/m [6] . This leads to the conclusion that the flexibility of the tip apex is on the order of 1 N/m [31] .
We next calculate the prefactor in eq. (3) using the well-known harmonic transition rate theory [24] . At a fixed S, the local minima and the transition point can be calculated by
We then perform a normal-mode analysis of the full Hamiltonian at the saddle point and the local minima. Based on the harmonic approximation, the normal modes can be derived through constructing a Hessian matrix. To obtain the Hessian matrix, we first transform eq. (6) in terms of mass-weighted coordinates
The elements of the Hessian matrix can be derived by
∂qi∂qj . For the two-spring, two-mass model, the Hessian matrix is ⎛
With the Hessian matrix, we can obtain the eigenvalues at local minima x a and saddle point x b and therefore deduce the prefactor. Equipped with this method to calculate the prefactor, we can evaluate the effect of the cantilever mass and tip apex mass separately. Figures 3(a) and (b) show how the prefactor evolves with support displacement. In fig. 3(a) the mass of the cantilever is varied over four orders of magnitude with no noticeable effect on the prefactor. However, when the mass of the tip apex is varied in fig. 3(b) , the prefactor changes correspondingly. This analysis shows that the prefactor for thermal activation f h is determined by the tip apex instead of the cantilever; the effect of this localization is that its magnitude is on the order of GHz. Since the prefactor directly affects the transition rate κ h , this theoretical analysis supports the previous suggestion [28] [29] [30] that it is the tip apex and its flexibility, instead of the whole cantilever, which directly affect thermal activation.
Athermal instability and friction plateau under cryogenical conditions. -Having estimated the magnitudes of the prefactors for the thermal and athermal instability mechanisms, we can calculate the corresponding transition rates, κ h and κ a , and analyze their effect on the temperature dependence of friction. Based on the analysis in the previous section, we use f h = 5 GHz and f a = 50 kHz. The only remaining parameter is the instrumental noise level β a . As an estimate we assign a value of β a = k B T a , where T a = 500 K, although this temperature does not imply any physical meaning. Figure 4 demonstrates the variation of the average friction with velocity and temperature. As predicted by previous models, the friction approaches a constant low value at high temperatures exhibiting a behavior called thermolubrication that can be attributed to a thermally enhanced transition rate [29, 30] . With the introduction of athermal instabilities, we also see a friction plateau appear at low temperatures. The formation of this plateau is due to the fact that athermal instability, which is independent of temperature, dominates at cryogenic conditions. The friction plateau that we predict at low temperature is consistent with that observed in AFM measurements performed from 100 to 500 K with an MoS 2 substrate [15] .
Another interesting observation is that the transition from the low-temperature plateau to a rapid decrease of friction shifts to lower temperatures with increasing driving velocity as shown in the inset of fig. 4 . Although not the focus of this paper, we also observe that the predicted velocity dependence of friction is affected by athermal instability. As shown in fig. 4 , friction increases monotonically with velocity, but the rate of this increase (gradient of the F (v) curve) varies with temperature. The role of athermal instability is most significant at low temperatures where, contrary to predictions of thermal activation theory, friction increases with velocity across the range of temperatures.
Conclusion. -In conclusion, we have applied a master equation method to investigate the temperature dependence of friction, especially at cryogenic conditions. Two instability sources, thermal noise and instrument noise, are considered through transition rate theory. By carrying out transition rate analysis on a two-spring PT model, we reveal that thermal noise is localized in the tip apex due to its flexibility. The instrumental noise comes into effect through the cantilever and is associated with its characteristic frequency. The impact, a friction plateau at low temperatures, is predicted and ascribed to the athermal instability induced by instrument noise.
It is important to note that several mechanisms have been proposed to explain temperature-dependent friction including thermal activation of creep motion over the energy barrier [5] , thermally activated propagation of dislocations [38, 39] , and the occurrence of interfacial wear [15] . In addition, the present model considers only energy barriers formed by the corrugation potential. In reality, the complexity of atomic friction is beyond the description of a simple model. For example, plastic deformation, interfacial wear, aging effects [40] , and bond formation and rupture [13, 41, 42] . We do not attempt to disprove or disregard the role of any of these mechanisms. Instead, we here postulate another mechanism, athermal instability inherent in AFM, which can describe the unexpected friction plateau at cryogenic temperatures.
The theoretical results obtained in this work encourage further temperature-dependent experimental measurements to confirm the role of the proposed mechanism. Specifically, one could perform a statistical analysis of static friction forces (force required for the tip to slip) over a range of low temperatures. If thermal activation is the only instability source, the histogram of the friction distribution, especially the width of the distribution, is a reflection of the temperature [43] . As the temperature approaches zero, the histogram becomes a delta function and the width approaches zero. The width of the friction distribution as T → 0 K can be used as an indicator of athermal instability. Another approach is to measure the temperature dependence of friction at different velocities. Since athermal instability is not a material property, but a characteristic of the AFM system, the transition point from the friction plateau to the rapid decrease of friction should vary with sliding velocity as shown in the inset of fig. 4 . Such measurements, although challenging since one may need a several orders of magnitude velocity range to capture the shift of the transition temperature, would be another indicator of the existence of an athermal instability mechanism. We anticipate that these experiments and others will demonstrate the importance of athermal friction in AFM measurements and will ultimately enable the identification and understanding of the various temperature-dependent mechanisms that comprise atomic-scale friction. * * * We thank the National Science Foundation for its support through award CMMI-1068552, and Dr Danny Perez for helpful discussions.
